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Intrecduction

The Bumblebee Model



Einstein-Aether Theories

1
S = ﬁj 1/—g(—R — K27 um™V,u" — A(ggputu? — 1))

K#’Ll;l — Clgabgmn + C25rcrl161lfz + C351(1161I¥l + C4uaubgmn

presence of a vector field
is not Lorentz invariant

» the aether does not couple to curvature



Spontaneous Symmetry Breaking

potential rolls to its vev

Bumblebee vector acquires a space-time orientation

Universe is endowed with a vector
pointing in a specific direction

this breaks Lorentz symmetry




N
The Bumblebee Model

1 1
S = fﬂ/—_g !ﬂ (R+¢ B* B Ryy) =7 B*'Buy — V(B*B, * bZ)] d*x + Sy

[1] Kostelecky (2004)

» vector field couples to curvature
» theory incorporates an arbitrary potential, V'

spontaneous symmetry breaking mechanism



Field and Bumblebee Equations

1
Gy = K (—BM B%, — ZBaBB“ﬁ G =V gy +2 V’B”Bv>

1 1 1
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* mixed terms in every component

 strutcture is richer than an average scalar field theory

VB =2 (V’B“ - ; B;LR“”)
(¥

 derivative of the potential with respect to its argument



Cosmology

Cosmological Approach
Dynamical Analysis



Selection of the Metric

Bumblebee vector — non-trivial only on the temporal component

B, = (B:(t), 0, 0, 0)

Homogeneity, isotropy and spherical symmetry - FLRW metric

ds? = —dt? +a(t)? [d-rﬁ +r2d6? + r2sin?(0) dfﬁﬂ



R\
Modified Field Equations

K .
« Modified Friedmann Equation: g(p +V)+ H*(€EB* - 1)+ €¢BBH =0

« Temporal Bumblebee Equation: 2kV'B? = 35982
a

« Modified Raychaudhuri Equation:
(QH + 3H2) (B2 —1)+¢ [(B)2 + 4BBH + Bé} RV =0

« Equation of Modified Conservation of Energy:

o= —3Hp+32CB2_ o(B2H + BB)V

R



General de Sitter Solution

ﬂ-l:ﬂ::l — ap gHo(t—to)

;(p +V)+ H?(B?—-1)+BBH =0

vip? =358 p
2Ka

(2H 4+ 3H?) (B* — 1) + §|B? + 4BBH + BB| + xV = 0

a0

N _ > . 2 . /
p+3Hp =3~ 2(HB* + BB)V



General de Sitter Solution

K .
V(p +V) 4+ Hy?(§B? — 1) + éBBH, = 0

: 3¢
[ V'B? :§EH0232 J—> B constant

(2/1'+ 3Hy*) (€B% — 1) + &|B% + 4BBH, + BB| + kV =0

S

P+ 3Hop = 3;110332 — 2(HoB%* + BB)V'



General de Sitter Solution

g(p +V)+ Hy*(B? — 1) + fB/HO =0

: 3¢
[ V'B? :§EH0232 J—> B constant

(2/1'+ 3H,%) (§B%2 —1) + 5[9‘5 + 4B?IH0 + 17§] +xV =0

S

P+ 3Hop = 3;110332 — 2(HyB? + Qﬁ)v’



General de Sitter Solution

— SN HAER - D + eBJH, = 0

. . L] 3
[ vanishing density ] [ V'B? = EEHOZBZ J—) B constant

(2/1'+ 3H,%) (§B%2 —1) + 5[9‘5 + 4B?IH0 + 17§] +xV =0

> /+ 37{,) = 3%1{0332 — 2(HoB? + Qﬁ)v’



General de Sitter Solution

K )
B constant

[ vanishing density ] [ V'B? = EEHOZBZ ]

2K J

(2/1'+ 3H,%) (§B%2 —1) + 5[9‘5 + 4B?IH0 + 17§] +xV =0

> { /+ B%p = 3%1{0332 — 2(HyB? + gé)v' }

A 4

same equation



General de Sitter Solution

_ KV
~ 3(1-¢B?)

—>| H,?

— [g(/+ V) + Hy*(§B* — 1) + fB/HO = 0]

B constant

[ vanishing density ] [ V'B? = EEHOZBZ ]

2K J

(2/1'+ 3H,%) (§B%2 —1) + 5[9‘5 + 4B?IH0 + 17§] +xV =0

> { /+ B%p = 3%1{0332 — 2(HyB? + gé)v' }

A 4

same equation



General de Sitter Solution

KV 3¢
H,? = 'B2 =2 | 2p2
nVv nVv 3¢
= 2-|— 2y ™ ' = = —— 2
VEABTEN) T s VS 7 Brapr 20
2n(1 — EB?
a2l —t o an(- ) = £ 4 17) o
2n F &b? KV 1+ &b?

2—

=1-¢B% =

1+2n 3H,? 1+2n




General de Sitter Solution

1 1
= j N [ﬁ (R+§B"BY Ryy) — 7 B*Byy —V(B"B, * bz)] d*x + Sy

e on-shell action:

1
B=0 S = j\/—g ﬁR —V(ibz)] d*x
_J 1 3H,” s
B g_ZK K x
f R+ 2n$€b2+2i25b2 i
B#0 VT x \ 1+2n ' 1+ 2n x

3H,* 1+ &b? 4
j\/_[_RJr < 1+2n>] X



Dynamical Analysis

Definition of adimensional variables:

KV x2=§B2 fBB _ Kp _ ad

17 3H? BT 3H?

Rewritten Equations:

x; =21+ axs — 2ax,)x,
Xy = 2X3
x5 = (1 + 4ax;)(1 —x,) —3x; —x3(3 + 2ax,)

1=x1+x2+x3+QM



Fixed Points

(xl, X2, X3, ‘Q'Mi q) = (1,0,0,0, _1)

1
(xl,xZ,xg, ‘Q'MJ q) = (0,0,0,1,5)

Four fixed points:
(x1,%5,%x3,Qy,q) = (0,1,0,0,0)

1+ &b? 2n —éb?
1+2n’ 14 2n

(xl’xzix?)’ QM' q) = ( 10;01_1)

» reobtained the previously derived solutions



R
Stability

é_—bZ
(1: 0: Oa O: _1)
1 ‘l
(O:O: 03 1: 5) &QQ\QJ &Q%J
S
40 N AY ™ %
(0,1,0,0,0) & &
(1+552 2n — £b? 0.0, 1) |
1+2n" 1+2n 77

« one attractor and one repulsor 2l
* two I'epU-ISOI'S Plot of parameter values for: (light) 1%t fixed point

stable; (dark) 4t fixed point stable
* two atractors



Results anad Conclusions

Evolution of the Universe

Parameter Determination
Conclusions and Outlook
References



n = 2 (convergence)

initial values

X, =09, x5=049
b2 — 10712
- Xy = —6
. xz = _35
. Xy = -3
_3 [ | 1 1 1 1 | 1 1 1 1
0.0 0.5 1.0 X, = —15
Qpy
Projection of the tridimensional phase-space onto the Q,, — g plane. X, =—1
The dot denotes the system’s attractor.
xz = _08
x, = —0.01




n = 2 (convergence)

initial values

X, =09, x5=049
&> =10""
- Xy = —6
. xz = _35
q
. Xy = -3
_3 L | 1 1 1 1 | 1 1 1 1
0.0 0.5 1.0 x, = —1.5
Xa
Projection of the tridimensional phase-space onto the x, — g plane.
The dot denotes the system’s attractor.
xz = _08
x, = —0.01




n = 2 (convergence)

initial values

o x, =09, x5=049
b2 — 10712
- Xy = —6
0.5
. xz = _35
Qy
. Xy = -3
0.0 - Xy = —-2.5
xz = —15
1 Xy = —1
Xo
xz = _08
Projection of the tridimensional phase-space onto the x, — 2,,plane.
The dot denotes the system’s attractor. x, = —0.01




n = 1 (divergence)

initial values

X, =09, x5=049
lﬂ-‘ R o o ] .'i -."1. ."+ 662:10_12
15 L o B x=-6
K . xz = _35
q 10
. Xy = -3
5L
L - xz = _25
ol
—].U xz - _15
Projection of the tridimensional phase-space onto the Q,, — g plane. X, =—1
The dot denotes the system’s attractor.
xz = _08
x, = —0.01




n = 1 (divergence)

initial values

20 [

15

Projection of the tridimensional phase-space onto the x, — g plane.
The dot denotes the system’s attractor.

X, =09, x5=049

&b* =10""
- Xy = —6
. xz = _35
. Xy = -3
- Xy = _25
xz == —15
Xy = -1
xz = _08




n = 1 (divergence)

initial values

X, =09, x5=049
b2 — 10712
- Xy = —6
0r- .
i . xz = _35
/
QM . . Xy = -3
_5 !
- Xy = _25
xz = —15
~10 L I T T I I x2 = _1
-6 -4 -2 0 2
X
: x, = —0.8
Projection of the tridimensional phase-space onto the x, — 2,,plane.
The dot denotes the system’s attractor. x, = —0.01




Even Oscillating Potential
(2 attractors)

X, =09, x5=049
¢b* =10""
B x,=-13
. xz —_ _1 2
Projection of the O x =-11
tridimensional phase-
space onto the Q,,—¢q N x, = —0.8
plane. The dot sdenote
the system’s attractors.
xz == —07
Xy = _06
xz —_ _05
xz - —04‘
-1.0 -0.5 QO 0.0 0.5
M



Even Oscillating Potential
(2 attractors) it vales

x4 =09, x5 =0.49
| 552 — 1012
\ M | x, = —1.3
0+ ] x, = —1.2
B x=-11
Projection of the 2
tridimensional phase-
q | space onto the x, — g B x, = —0.8
plane. The dots denote
-1r the system’s attractors.
xz == —07
Xy = _06
xz —_ _05
-2+
10  -05 0.0 0.5 1.0 X, = =04
2




Even Oscillating Potential
(2 attractors)

0.5~
4
0.0F
Qy |
Projection of the
tridimensional
—0.5+ phase-space onto
I the x, — Q,,plane.
| The dots denote the
| system’s attractors.
—-1.0r /
-1.0 -0.5 0.0 0.5 1.0
X

initial values

x, = 0.9,
¢b* =10""
] x, = —1.3
B x, = —1.2
] x, =—1.1
B x, = —0.8
x, = —0.7
x, = —0.6
x, =—0.5

Xs = 0.49




Conclusions

- correctly predicts the currently expected evolution of the Universe

- replicates deceleration parameter transition from positive to negative: compatible
with the (over-)accelerated expansion of the Universe

- provides a possible candidate to dark energy

- theory is flexible: freedom to choose the potential, freedom to choose the directions
of symmetry breaking

- high complexity level, possibility to generalize
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